I. Introduction
Steady state tokamak operation requires that the toroidal plasma current be driven continuously. An attractive approach is to use radio frequency (RF) waves. In many cases RF waves use only a small fraction of the fusion power output to maintain the confining current. It has been shown that the high phase velocity lower hybrid (LII) waves are particularly promising. ' In that case the current is carried by electrons traveling in phase with the waves at several thermal velocities (Vt), and they collide relatively infrequently. These electrons form a plateau on the tail of the electron distribution function. The number of particles in that plateau and its slope determine the current density (J) and the power dissipated (Pj). The figure of merit is the ratio J/P. Both a one-dimensional (1D) theory] and a two-dimensional (2D) numerical investigation 2 have shown nearly identical values for J and their results for J/P differ by a multiplicative factor of 2.5, the 2D numerical study predicting the higher value. The 2D numerical study also noted that in the vil range of the applied RF spectrum the distribution function in v was broader than the Maxwellian in the absence of RF, but this effect was not investigated in detail. The 1D theory assumed that the perpendicular distribution function remained a Maxwellian and at the same temperature as in the absence of RF.
Recent LH current drive experiments have generated an appreciable curent.3 4 The experiments agree roughly with the theory on the figure of merit scheme, J/Pd. However, the current itself differs significantly from theoretical values based upon Refs. 1 and 2 if the excited waves are assumed to have a spectrum as may be calculated 5 from the waveguide array excitation at the plasma edge. Based upon the results of Refs. 1 and 2, attempts have been made to explain this discrepancy by an upshift in the parallel refractive index as the fields propagate from the plasma edge to the center. Various mechanisms can be invoked to give rise to such an upshift: toroidal effects in ray propagation 6 ; scattering from density fluctuations 7 ; nonlinear effects in coupling 8 and propagation 9 10 ; and the generation of unstable spectral. All of these mechanisms remain unconfirmed, and, at best, difficult to confirm, experimentally. Furthermore, the experiments of Refs. 3 and 4 show a very large enhancement of the perpendicular distribution function. 12 13 In view of these experimental results a deeper understanding of 2D velocity-space effects in steady-state current drive is required before invoking an upshift in the parallel wavenumbers of the applied RF fields.
In this paper we present results of a new numerical integration of the 2D Fokker Planck equation supplemented by parallel quasilinear diffusion, together with supporting 2D analytical work that gives a more complete picture of LH current drive. As in the past, we focus our study on the steady state regime in which current generation is achieved with strong quasilinear diffusion on a time scale which is short compared to the heating of the bulk; thus the temperature evolution of the bulk distribution function is ignored. In contrast with the results of Ref. 2 , we find that for a given RF spectrum the 21) solutions give a much larger current than would be calculated from the 11) theory. Our analytical work on the 21) problem predicts the numerically observed enhancement of the figure of merit over that given by I D theory.
Furthermore, by introducing an approximate treatment of the boundary conditions at the edges of the spectrum, we are able to arrive at approximate solutions of the 2D problem which give the current density and perpendicular temperature in the velocity -regime of the applied spectrum.
In section II we describe our numerical integration of the 2D velocity space equation
for tail electrons and compare our results with those of Ref.
2. In section III we give an approximate analytic treatment of the 2D problem and show that this formulation is supported by the numerical integration results obtained in section II. Section IV summarizes our findings and their importance for future work aimed at understanding experiments in LH current drive.
II. Model Equations and Numerical Integration Results
In the present study we solve numerically and analytically the 2D Fokker-Planck equation with parallel quasilinear difffusion as is pertinent for tail electrons in the presence of LII fields for RF current drive. For these electrons, the Landau collisional term is linearized. This is justified because the RF diffusion is taken to affect mostly the particles on the tail of the distribution function. We retain the collisions between tail and bulk particles, but neglect those between tail and tail particles as insignificant. The where DQL is the quasilinear diffusion coefficient. For the ion charge we have set Zi = 1.
We shall now describe the numerical solution of (1) for the time asymptotic state af .
--+ 0.
We choose a diffusion coefficient of the form:
This expression for D follows from an RF power spectrum inside the plasma in which jE l(kj)j2 scales like (1/k,,) , where E is the RF field and kg is the wavenuimber along the toroidal magnetic field. This is consistent with a unidirectional spectrum at the plasma edge coupled in by four phased waveguides 3 and, in the absence of accurate measurements, is a reasonable assumption. Obviously, we can solve numerically Eq. (1) with any D(vll) suggested by the experiments, but the main purpose of this calculation is to provide a check for the 2D theory in the case of D as given by (2).
We find it numerically advantageous to put f in the form:
There is no requirement for fi to be small. Eq. (1) Firstly, the maximum At that can be used in a stable integration scheme -which is proportional to the minimum grid resolution length squared for explicit schemes -is considerably increased by using an alternating-direction-implicit (ADI) procedure for the time advance. 1 4 Secondly, it is reasonable to assume that during the integration from the initial to the asymptotic state there will be periods for which it is desirable (indeed necessary for stability) to take small At's. Similarly there are also periods during which not much change in f is occurring and much CPU time can be saved by increasing the At. What we have implemented for this work is an adaptive At selection procedure which, for reason. that will become apparent, we call Aggressive
ADI (AADI).
In the procedure we now outline, the guiding principle is that we want to achieve the asymptotic state as fast as possible. This goal is achieved by using as few time steps as possible consistent with stability of the solution. We are not particularly concerned with the details of the time evolution providing we can convince ourselves that the final state is independent of its evolution. We define the residue E as ( = , where the subscript max refers to the maximum absolute value across the entire v 1 , vI mesh. As long as e decreases, the solution is considered acceptable up to that "time"
level and c is saved for future comparison. At is gradually increased until E no longer
decreases. An increasing E indicates the onset of numerical instability. We follow this last time step, which is on the verge of instability, by a smaller At which is intended to allow the solution to stabilize itself. If a reevaluation of E confirms that the solution is again stable (E is again decreasing), the new solution is accepted, and another time step is taken with the same time step size that is near the stability limit at this time in the integration. If the small step does not stabilize the solution, a second small step is taken in a final attempt to stabilize the solution. Should it succeed, we are making optimal progress toward the asymptotic limit; should it fail, the last big step and these two small steps are discarded, the solution is restored at the last acceptable configuration, and At is reduced substantially before an attempt is made to continue the solution.
This procedure provides for aggressive increases in At to the stability limit during periods of inactivity in the time dependence of fi. Should the activity increase, a rapid retrenchment is triggered which is very protective of the solution. If a situation is encountered in which the only solution requires an increase in e, this algorithm will fail. The signature of such a mode is that no further time steps are "acceptable" and At is reduced to a very small number. This mode is never observed in the present application to Eq. 1. Typically in 2000 steps E can be made smaller than 10-10 for this problem.
Numerical results for the case Do = 10, v, = 4, v2 = 8 are presented on Figs. Fig. 1 we have a contour plot of the distribution function. One can see the expected flattening of f along vjj in the resonance domain. A broadening of the plateau in vI leads to a significantly higher perpendicular temperature T 1 , compared with the bulk temperature TB = 1 (in our normalization). On Fig. 2 we show T 1 (vil) . Note that Ti > 1 not only for vj < V 11 < v 2 but also for the very energetic particles at V1 > v 2 . This indicates that even outside the resonance region the distribution function significantly deviates from the Maxwellian one. We have also studied the profile of f in the perpendicular direction. In Fig. 3 f(vo,vI) with vo = 6 has been plotted and a comparison with our analytical results of the next section is made. The values for the currents are found for a wide range of v 1 , v 2 and are presented in Table 1 . We compare our numerical values with that of the ID theoryl and find significantly higher current in all cases. This differs from the conclusion in Ref. 2 that the 21) current, found numerically, is close to the ID result. There is, however, general agreement on the figure of merit J/P, between our results and those of Ref. 2. The analytical theory, which we will present now, supports our numerical results. We would like to point out that the contribution to the current comes mostly from the plateau at vi < V 11 < v 2 .
1-3. On
The particles at v < vj give less than 10%of the total current. However, the energetic particles at v > v2 may contribute as much as 20% of the current.
II. 2D Theoretical Analysis
We shall solve approximately the steady state 2D Fokker-Planck equation in the resonant domain, v 1 < v 11 < v 2 . In (1) we set ' = 0 and D(vj 1 ) as given in (2). The solution for Do >> 1 is of the form: 1(VII, vI) ).
Do > 1 is a condition for strong RF diffusion, which is satisfied in most tokamak RF current drive experiments. Using f from (4) substituted into the r.h.s. of (1), and to order one in Do we obtain:
where x =v , ' = . Terms of order 1/v 2 have been neglected. If we evaluate the terms to order Do 1 we realize that the approximation is actually Devi > 1.
The figure of merit J/P is not -very sensitive to the details of the distribution function and we can evaluate it without the explicit knowledge of (P, V). The current density due to the particles in the plateau to order one in Do and in units of envt is given by:
where N is a normalization factor. Similarly, to order one in Do and in units of mnvvt the density of power dissipated becomes:
vi 0 2 11
From (5) and after integrating over v we obtain:
where B(x) = V2fV + x -v 1 01 + x -x ln . An integration by parts leads vI + +x to:
We approximate B(x) in the different intervals of integration:
By using the approximate expressions for B(x) one can show that the following inequality is valid:
The second term on the r.h.s. of (11) is a small correction to the first term because only the particles in the resonant plateau in the perpendicular velocity range (v 1 , v2) contribute to the integral. In all cases their number is a small fraction of the total number of particles in the plateau. From (6 and 11) we can estimate the figure of merit.
With a good accuracy, and most importantly without the details of f which depend on the boundary conditions, we can state that the figure of merit in the 2D theory is 3 times larger than the ID result:
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This compares with the factor of 2.5 deduced from the numerical integration results in Ref.
2. The analytical result from (13) are given in Table 1 for a wide range of parameters and they are compared with the figure of merit obtained from our numerical integration of the equations (sec. II) for the same parameters. The agreement is excellent over the whole range and the error is less than 20%.
In order to determine the distribution function (4) we solve Eq. (5) by separating the variables:
av (v +x) 3 /2 7 op+ p'+ X" =0.
(15)
Here 77o is an arbitrary function of x to be determined from the boundary conditions. An integration of (14) over vjj gives:
(16)
where 771(x) is also a function of x to be found from the boundary conditions.
We require that the distribution function and the parallel flux S 11 be continuous at V 11 = vi, V2. However, g4(vII = V1, v2) will be discontinuous. We assume that for vii -+ vl(vil < v1) and vji -+ v2(V 11 > v2), 4 = -vlf. This implies that outside the resonant domain the distribution functon retains its Maxwellian character in the parallel direction. We should point out that this assumption is verified by the numerical integration. A change in the slope of f at the boundary points is directly related to the perpendicular temperature in the plateau. A smaller than Maxwellian slope will lead to larger temperatures. Typically, in our model we underestimate the temperature by 20%-50%. The expression for the parallel flux is:
where v 2 = v + x. For v 2 , Do > 1 we find to order one in Do and with f given by (4):
The Sgi outside the resonance plateau (D = 0) is given by:
To write (19) we have assumed that f ~ p and -( -v 1 for v ~ viv 2 . Thus we have incorporated the condition of continuity of the distribution function at the boundary and the assumption of a Maxwellian derivative in the parallel direction.
From (18) and (19) we obtain:
With the expression of "' from (16) we determine qo(x) and 77(x). The result for Mo(x) is substituted in (15) and we are left with a linear second order differential equation to solve. We have integrated this equation numerically and have found that P(x) is very small for x > v2. However, for x < v2, 1o(x) has the simple form: The perpendicular temperature in the plateau is given by:
where TL is normalized to the bulk temperature TB = 1. With a from (21) we find:
Clearly T 1 > 1 and this indicates that the broadening of the distribution function in the perpendicular direction will lead to many more particles in the plateau than estimated by the 1D theory.
The normalization constant for the bulk distribution function is (1 -E)/(v/27), where E < 1 reflects the fact that some particls have flowed to the resonant plateau.
Continuity of f at x -+ 0, vj 1 -+ v, implies that A = exp(-I), consistent with our assumption of a Maxwellian character of f along vj 1 in the domain D = 0. It is found from the numerical calculation that the height of the tail of the distribution function is typically two times smaller than estimated by the theory. This is due to the fact that in a boundary layer for vj 1 < v, the distribution is non-Maxwellian. This discrepancy explains the almost uniform difference between the analytically and numerically found current, see Table I . If we neglect E, which is at most a few percent, we find for the current in the plateau in units of envt:
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To order one in Do we get:
With p from (25) the result is:
where 0 is the error function. In all realistic spectra a < 1 and (30) gives
where T 1 is given by (27) and J 1 is the current given by the ID theory. This formula is tested numerically and the results are compared with the 1D theory in Table I .
It is clear that for a wide range of parameters our theoretical result (31) predices considerably more current than the 1D theory and typically twice as much as the numerical result. On the other hand the numerical result is 3 to 4 times larger than the ID theory result.
WY. Summary and Discussion
We have presented a new numerical integration and analytic treatment of the 2D velocity-space Fokker-Planck equation with parallel quasilinear diffusion. This is the basic model equation for describing RF current drive with lower-hybrid waves. Both our numerical and analytic results show that for a given spectrum of wave the values of the current density J are significantly larger, compared with calculations based upon Refs. 1 and 2, and this in our opinion is due to the broadening of the resonant plateau in the direction perpendicular to the toroidal magnetic field. This also entails a larger density of power dissipated. The figure of merit (J/P) in the 2D theory is three times larger than the 1D result. Our theoretical analysis of the 2D problem for the regime of strong quasilinear diffusion (Dovi > 1) gives approximate analytic expressions for both the current density generated and the enhanced perpendicular temperature inside the parallel velocity range of the spectrum. The limitation of the analytical results lies in an approximate treatment of the boundary layer regions in velocity space at the edges of the spectrum. This notwithstanding, these are the first analytic results from a 2D velocity space analysis and they predict the numerically found results within a factor of two. 
